
Minimal Model Program

Learning Seminar
Week 10 :

• Multiplier Ideals .

• Examples .

• Nadel Vanishing Theorem .



Minimal Model Program :

Aim for today :

it Introduce multiplier ideal sheaves ,
and

iil Prove the Nadel Vanishing Theorem .

Theorem (Kawamata - lliehweg vanishing ) : X projective .

(X.a ) htt . M by a net On - Cartier
.

Then

Hid (X
,
Ox Ckx tht M )) =o for jao .

Question : Can we weaken any further :

• bigness - M . ←

• nefneso .
M c- } none of wth:{ can be

• Kltness (X ,a) c-

Example : Projective cone over an elliptic curve
.

Hi (Ox) # o.



"

Idea to weaken klbness" :

Y re log resolution of CX.LI) .

(X.G ) log parr , M big & net .

To * (Kx ta) = Htt Ix t E
# K

O

sub - htt n

Te * (Kx ta) = Ky + The
#

could have coeff as

We can 't apply KY vanishing on Hythe , but

Ket dy th M looks close enough to apply KV vanishing Thin
in

-bigtnef

④ I Can we pull - boar , apply KY vanishing on the

log resolution
,
and then pushforward ?



Multiplier ideals :
(X , a ) log pair and H be a linear system on X

.

Let f : Y- X be a log resolution of CX
, Ll ) and V.

Write :

µ, + I = f-
* Ckx t4) TE

E , I zo with disjoint support .

off - Fix Cfm ) the fixed part of the linear system .

Fix Cso , and we define the multiplier ideal

of (X , a ) with respect to c - V :

YCCX,a) icy ) ie f * OT CE - Left )

Ya . all .

-

= f- * Che CE - Left )

If no 4 ,
JCXICV ) or Tex

.

If Dao Q - Cartner and m >0 such that MD is Cartner,

then we let Ta
, co

: - TUX ,Ali CD ) Ja
, em . × .

.

where D= {MDI is the linear system associated to MD
.



Remark : If Leo and ca
,
then the

above definition is simply

µ* Ox ( Knx - [µ
.DI ) .

H

Hy -µ
-Ckx )

Proposition : The definition of multiplier ideal is

independent from the log resolution
.

Proof :
✓
'
'
' "

y replace y
'

by Y ' !

Y

Y
'

¥
We are in the following situation of

' !



We are in the following situation of
' !

Both f and f
'

are log resolutions of CX.li) and V
.

He tf - f
"

(Kxta ) tE ,
Ky 'tI ' - Cf

' ) *Ckx ta ITE
'
.

Ky 't I
'
= flick tf-E) t E

'

.

F- Fix G-* y ) and F
'
- fix (Cf

' 1*47 .

By definition f- * V - F is bpf , then F
'
- ft F .

Claim : flex Gyi ( E
'
-ME - LIU. {cell ) - Ot .

Proof : Ky tht SCH is Jlt and has the same

temples than Kett - E . ;

furthermore , we have that

Kyi tf't fl
- (Et Loft) - E

'
= µ

" (Ky tf t loft )



Claim : 14*64 ( E
'
-ME - LIU. {cell ) - Ot .

Proof : Ky tht SCH is Jlt and has the same

types than Kett - E . ;

furthermore , we have that

Hy ' tf't fl
- (Et Loft) - E

'
= µ

" (Ky tf t loft )
--

It follows that Lµ*CEt Ice 's ) - E
'
) so ,

hence E
'
-ME - LIU

. {cell is eff and µ- exc .

Thus , µ* Oei ( E
'
-

µ
-E - LIU

. {cell ) - a.
a

.

Return to the proof : f'* = f. µ .

Cf 'd * Oy , CE '
- Lcf 's ) = f

'
- Hof prog former

forµ.

Cf 'd * Oye (E
'
-ME - Lfl.sc#It/U*CE-LcFI ))=/

f-* (that'll 1) ④ Oy CE- Left) =

÷
= f- * ( Ox CE - Lef ))



Example . If D is Cartier on X .

then
.

Yo = Ox C - D ) .

Example : X - G ' . A EG
'

cuspids curve A - ly
'
-x"

*
.
.

A

J ( EA ) = Lxx> J (CA ) - Ox Ocoee .

÷ .- IE
.

I " I
¥:. -
E3

µ
- CA ) = A

'

t Zentz Ez tf Es .



Example : X - G
"

, A EX a smooth divisor

with an ordinary Cnts ) - fold point at the
origin

.

TCG " , NIA ) - mo .

te : X- G " blow - op of G
" at the

origin
and compute
to CA ) - Ax ' t Cnts ) E and na (Kian ) - Kx - NE .

Proposition (Bertini - Kollar ) : Dzo Oh - divisor on a

smooth variety X . IN free linear system . A EINgeneral .
Then LCD t CA ) = TCD ) . for occas

.

Proposition (Attig integral divisors ) : Let X be a smooth

variety .
A be an integral divisor , and D be an eff Q -tin .

Then TCDTA I = LCD ) ⑨ 6×C-A )



Proposition (Attig integral divisors ) : Let X be a smooth

variety .
A be an integral divisor , and D be an eff Q -tin .

Then I (DTA ) = LCD ) ⑨ Ox C-A)

Proof : X '# X Ig resolution of CX ,D ) .

[ft
.@ +All - YU'D +µ

.Al = [µ
- D2 tµA .

Therefore , we have

µ 6×1 ( kxyx - Gu
. CDT AD ) =

µ * (Ux ' (Knx - [µ*D ] ) ⑥ Ox . C-µaAj) =

y
proforma

µ * Ox ' ( kxyx
- Efe. DI ) Ox Ox C -A )

11 A

TCD ) 0 Ox C-A )
Eg

-



Multiplier ideals and singularities :

Proposition : X of dimension n , Dzo Q - tinier .

jmooth
MuttxD z n for some point REX (closed ) . Then TCD ) Ema

More generally , if MottaD zhtp - I . Then TCD ) E ME .

µ
Proof : X

'
→ X blow - up of x .

Orde (Knx ) - n -I , orde lµ'D ) = Mutt xD .

On the other hand µ* Ox . C- n E) = man
.

If motta Ds. nap - s , then

Orte (Kxyx - [fu
* DI ) E -

p .

Hence TCD ) E µ*6× . C-PEI - mxP .

we get the containment LCD) e- Mx" .

Proposition : (X ,D) log canonical iff LEX, Cl - e) 01--0×0
CELL

(XD) KH iff TEX, D ) - Ox .



Monomial ideals and Newton polytopes .
a. = (Xm , . .

. , Xm > € IF [ace . . . - , an]

xmr = Xin " ' xzmi " . . . .# nm"

or
"

Pca) Convex hull ( Ms.?- i met t ⑥ Eo

&
Minkowski om

Pla ) is called the Newton polytope associated to a.

f = I
'

cmxm a = (Xm 1cm #o)
.

what Pca) says
about f ?

fttxmo How the family of song changes ?
"

Essentially the
org

does not changeiff.moEintlPceDJneCfttxmf-Dt.JC@n.cDt ) does not

depend on to as far as zemo c- int (Pan
.

Remark : Mild condition on f called non - degeneracy of Newton pot



Example : a= Lys , xy
'
, x'y , x7 >

"

Theorem ( Howald 's ) : The multiplier ideal Jcc - a)

is the monomial ideal generated by x
"

so that

Htt c- int (c. Pca) ) .
11

(Ss . - - r L )



+
proper

.

Lemma : fill → W morphism . A ample on W .

F- coherent on V . Assume Hi ( V , Fox Ox Cf*mA )) -o .

for jso and m >so . Then R°f*F -0 for jao .

Proof : Pius m >so so
that

by Serre vanity
→

s .

- Hi ( W , Rif * Fox Ow CMA J) - o for iso , jzo .

÷;÷::::÷:::::÷:÷÷÷÷?
By the Leroy spectral sequence buy y

Holy ,
Fox 0vCf*mA ) ) = HOCW , rot * of ⑨ Owlman.

11
#

o b

by ssrmpbn gg
as long as

Rifat to.

Then
, we conclude that Rif * F -o.



Theorem (Local vanishing ) : X smooth
,
Dzo Q - divisor .

Let X
' IX be a Ig resolution of (XD) .

Then

R'µ * Ox , Chrxyx - [µ
. DI ) - o for jzo.

Proof : A-some X is projective . A ample so that A-Damp .

µ
. CA - D ) nef & big .

KV vanrohy H' (X
'

, Ox ' Ckx ' TMA - Yu. 03 ) ) to forgo

Hence , by the Lemma
.

I µ
. Kx -µ

. Kx t prog form .

R ' fer tha ( Kx ' -1µA - [food ) =

Ri µ. Ox
' ( Kx'Ix - Yu.DI ) ④ Ox Ckx TA) -o.

for every jso , so we conclude that the left side

is zero
-



Theorem ( Nadel vanishing ) : Let X be a smooth prog

Dzo Oh-divisor . L Cartier druroor ouch that L-D

is net and big . Then ,

Hi ( X , Ox Ckxtl) ④ LCD)) - o , for iso

Rmr : If (XD) is KIT , we recover KV vanishing .

Proof : X'→ X log resolution of (XO)

By KY vanishing (
Hi CX '

, llxickxiix - Guro 7) ④ µ Oxckxtl )) )= Hi (X '

,
Oxclkx't ML - HU'D ) ) ) ⇒

a
(
by a net .

µ ,!%"ionising , weh" ""

g.
!Riµ*( 0×1 Ckxiix - EMOJI ④ µ Oxckxtl )) =

Rite (Ox . ( kxyx - [µ-DID Clxlkxtl ) -0



Finally , we have that :

pea (Ox . lkxyx - [N'DI ) ④ µ
' Ox Chex TLD =

µ . (Ox ' Ckxyx
-quaDis )) Ox Ox Ckxt L) -

11

Ox Ckxt L) ④ LCD ) .

Then
, by Leroy spectral sequence

H
" ( Xi Ox Ckx TL ) ⑥ y Cody,

=

,
vanish Rite . -o

Hi ( X ,
'
Ox ' Ckx' ex - Gu. DI t fl' Ckxt L J)) - O for iso

e
AV.

WD DOGO)Remark : Is

O→ Wx C-D) → Wx→ Wx to→ 0

Lifting Hi (wxc-D)) - o to
proves%Ymi in

Ho (Wx ) → Ho (WD 000C-O ) ) .

Lifting O→ Wx ⑨LCD) → Wx → Wx frescos, → O -

section
with Mitel: Hi (Wx ⑥ LCD ) ) -o

Ho (Wx )→ Hocwxlrcscosl)


